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$N\geq 1$ $p>1$ . $F$ $\Omega$ $\mathbb{R}^{N}$




$A(x)\in C^{1}(\Omega’)$ $\Omega\backslash F$ Int $F$ $0$
$u\in C^{\mathrm{O}}(\Omega’)\cap C^{2}(\Omega\backslash F)$
(0-2) $Pu+B(x)Q(u)\leq C(x)$ , in $\Omega’$ ,
$B(x)$ and $C(x)$ $A(x),$ $B(x),$ $C(X)Q(t)$
$\text{ ^{ } }$
.
(0-3) $\lim_{xarrow}\sup_{\partial F}u(x)<+\infty$ .
$Q(t)$ $\mathbb{R}$
(1-8) $0$ p-lt $(p>1),$ $(e^{|t|}-1)sgn(t)$
$Q(t)$ $u\in C^{0}(\Omega’)\mathrm{n}c^{2}(\Omega\backslash F)$
(0-4) $Pu+B(X)Q(u)=f(x)$ , in $\Omega’$ ,
$f/B\in L^{\infty}(\Omega)$ , $\Omega$ $u$ $\Omega’=\Omega\backslash \partial F$
–
1016 1997 8-21 8
H.Brezis and L.Veron , $F$ $Q(t)=$
$|t|^{p-1}t_{\text{ }}A(x),$ $B(x),$ $c(x)$ 1980
[BV] $u$ (0-2) $P$
$u$ $F$ (See







$Pu+B(x)Q(u)=f(x)$ , in $\Omega$ ,
$u=0$ , on $\partial\Omega$ .
– $P$ – (on Q) ,
( [S], G. Stampacchia : linear case) ,
([BS] H. Brezis and $\mathrm{W}.\mathrm{A}$ . Strauss : $f\in L^{1}(\Omega),Q(u)$ (possibly multi-
valued)), ( :[BBC] [BG]) ( [LL],
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1. .
$N\geq 1_{\text{ }}$ $F$ $\Omega$ $F\subset\Omega\subset \mathbb{R}^{N}$
(1-1) $\Omega’=\Omega\backslash \partial F$.
$\partial F$ $\partial F=F\backslash \mathrm{I}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{r}$ of $F$
$\partial F$
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Definition 1. $d(x)\in C^{\infty}(\Omega’)$
(1-2) $C^{-1} \leq\frac{d(x)}{dist(x,\partial F)}\leq C$ ,
$|\partial^{\gamma}d(X)|\leq C(\gamma)diSt(X, \partial F)1-|\gamma|$ , $x\in\Omega^{j}$ ,
\mbox{\boldmath $\gamma$} multi-index $C(\gamma)$ $x$
Y [H-1] $A(x),$ $B(x)$ and $C(x)$
[H-1].
(1-3) $\{$
$A(x)\in C^{1}(\Omega’)\cap L_{\mathrm{t}}^{1}oC(\Omega)$ ,
$A(x)=0$ in Int $F=F\backslash \partial F$,
$A(x)>0-$ in $\Omega\backslash F$,
(1-4) $\{$
$B(x)\in L_{l\circ c}^{\infty}(\Omega’)\cap L1(\iota_{\mathit{0}}\mathrm{C}\Omega)$ ,
$B(x)>0$ in $\Omega’=\Omega\backslash \partial F$,
and
(1-5) $\{$
$C(x)\in L_{lc}^{\infty_{o}}.(\Omega’)\cap L_{l_{\mathit{0}}}1(c\Omega)$ ,





$Q(\mathrm{O})=0$ $k$ $Q(t)t>0$ for any $t\in \mathbb{R}\backslash \{0\}$ .
Definition 2. Let us set for $x\in\Omega’=\Omega\backslash \partial F$
(1-7)
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[H-3]. There is apositive number $\delta_{0}>0$ such that







Remark 1. (1-9) $B(x)$ $A(x)$
$1\leq N\leq 2$ $\overline{A}$ $\Phi$ $\partial F$
–
Theorem 1. Assume that [H-l], [H.-2], [H-3l and [H-4]. Assume that $u\in$
$L_{l_{o\mathrm{C}}}^{\infty}(\Omega’)$ satisfies $Pu\in L_{lo\mathrm{c}}^{1}(\Omega’)$ in the distribution sense. Moreover we assume
that for almost all $x\in\{x\in\Omega’;u(X)\geq 0\}$ ,
(1-11) $Pu+B(x)Q(u)\leq C(x)$ .
Then we have $u_{+}\in L_{l\circ \mathrm{C}}^{\infty}(\Omega)$ , where $u_{+}= \max(u, 0)$ .
Corollary 1. Assume that [H-l], [H-2] and [H-3]. Instea$d$ of [H-4], assume that
$f(x)\in L_{loc}^{\infty}(\Omega;)\cap L_{\iota_{oc}}^{1}(\Omega)$ satisfies for some positive number $C$
(1-12) $|f(X)|\leq C\cdot B(x)$ , for almost all $x\in\Omega$ .
Assume that $u\in L_{l_{oC}}^{\infty}(\Omega’)$ satisfies
(1-13) $Pu+B(x)Q(u)=f$, in $D’(\Omega’)$ .
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$4\acute{\mathrm{P}}$roof of Corollary 1. Theorem 1 $u+\in L_{\iota_{\mathit{0}}}^{\infty}(c\Omega)$ $u_{-}\in L_{\iota_{\mathit{0}}}^{\infty}(c\Omega)$ $-\text{ }$
$u\in L_{loc}^{\infty}(\Omega)$ . $A(x)=0$ on $F\backslash \partial F$ , $u(x)=$





$u=0$ on $\partial\Omega$ .
Theorem 2. Assume that $\int H- \mathit{1}$], [H-2] and [H-3]. Instead of [H-4] assume that
$f(x)\in L^{\infty}(\overline{\Omega})$ satisfies for some positive number $C$
(1-16) $|f(X)|\leq C\cdot B(x)$ , for almost all $x\in\Omega$ .
Moreover we assume that $A(x),$ $B(x)\in C^{0}(\overline{\Omega})$ . Then there exis$ts$ a uniq$ue$
function
(1-17) $u\in L^{\infty}(\Omega)\mathrm{n}H_{\iota_{\circ}\mathrm{C}}^{1}(\overline{\Omega}\backslash F)$
which satisfies (1-17) in the distribution sense and satisfies
(1-18) $\int_{\Omega}[A(_{X})|..\nabla u|2-B+(X)Q(u)u]dX\leq C||f/B||\infty$ .
Here $C$ is a positive number independent of each function $f$ .




2. Counter examples to Theorem 1.
$F$ $m$-dimensional $c\infty$ compact submanifolds in $\mathbb{R}^{N}$ $(0<m\leq$
$N-1)$
(2-1) $L_{\alpha}u=-\mathrm{d}\mathrm{i}\mathrm{v}(d(X)2\alpha\nabla u\sim)$. and $Q(u)=|u|^{p-1}u$ .
(H-1)
(h-1) $\beta>-\frac{N-m}{2}$ , and $\gamma>-\frac{N-m}{2}.$
:
$0\leq m\leq N-1$
(2-2) $p_{m}^{*}=$ $\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{f}$ $\alpha\geq\beta+\alpha<\beta+11.$’
(h-2) ( (1-7) in [H-3]).
(h-2) $\{$
$p\geq p_{m}^{*}$ , if $\alpha<\beta+1$ ,




$u_{+}= \max[0, u]$ and $u_{-}= \max[0, -u]$
Theorem 3. Let $F$ be either the origin or an $m$-dimensional $C^{\infty}$ compact
submanifolds in $\mathbb{R}^{n}$ for $0<m\leq N-1$ . Assume that [h-l], [h-2] and [h-3].
Assume that $u\in L_{loc}^{\infty}(\Omega’)$ satisfies $L_{\alpha}u\in L_{\mathrm{t}_{\mathit{0}}c}^{1}(\Omega;)$ in the distribution sense.
Moreover we assume that for almost all $x\in\{x\in\Omega;u(x)\geq 0\}$
(2-3) $L_{\alpha}u+b(x)d(x)2\beta u^{p}\leq c(x)d(X)2\gamma$ ,
for some positive smooth functions $b(x)$ and $c(x)$ . Then we have $u^{+}\in L_{l_{\mathit{0}}c}^{\infty}(\Omega)$ .
Proof of Theorem 3. $Q(u)=|u|^{p-1}u$ , $\delta_{0}=p-1$ (1-8) and
(1-9) in [H-3] $A(x)=d(x)^{2\alpha},$ $B(x)=b(x)d(X)2\beta$ $C(x)=$
13








$=O(1)$ . (h-1) and (h-2)
Counter-examples to Theorem 3.
$F$ ( $m$-dimensional $c\infty$ compact submanifolds
(with boundary) in $\mathbb{R}^{n}$ for $0<m\leq N-1$ ) $.$. $\cdot$
$F=\partial F$
$d(x)=dist(x, F)$ $d(x)$ $F^{c}$
$|\nabla d(X)|=1$ $U(x)=d(x)^{-M}$ , for $M>0$ . $U$
M>0-
$L_{\alpha}U(x)+b(x)d(X)^{2}\beta U(X)^{p}=0$ , in $W\backslash F$.
$M(d(X)\Delta d(x)+2\alpha-1 - M)+b(x)d(x)^{2}(1-\alpha+\beta)-M(\mathrm{P}-1)=0$ .






$F_{m}=\{x:X_{1}^{2}+:\cdot\cdot+x_{m}^{2}\leq 1, x_{m+1}=\cdot\cdot\cdot\cdot=x_{N}=0\}$ ,
for $1\leq m\leq N-1$ ,
$F_{0}=\{0\}$
if $\sum_{\iota=1}^{m}X^{2}l\leq 1$ ,




Proposition 1. $Ass\mathrm{u}me$ that $F=F_{m}$ for $0\leq m\leq N-1$ . Moreover we assume
that [h-l]. Then for the validity of Theorem 3, the assumptions [h-2] is necessary.
Proof of Proposition 1.
[h-3]
Proposition 2. Let us set $F=F_{m}$ for $0\leq m\leq N-1$ . Assume [h-l]. Then for
the validity of Theorem 3, the $\mathrm{a}ss$umption $\beta\leq\gamma$ ([h-3]) is $\mathrm{n}$ecessary if $\alpha\geq\gamma+1$ .
And if $\alpha<1+m/2$ , then $\beta<\gamma+p(\frac{N-2-m}{2}+\alpha)$ is necessary.
Proof of Proposition 2.
3. Lemmas.
Lemma 3-1. Assume that $u\in L_{lo\mathrm{c}}^{1}(\Omega’)$ and $Pu\in L_{l\circ}^{1}c(\Omega^{;})$ . Then we have
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$Pu^{+}\leq(Pu)sgn^{+_{u}}$ , in $D’(\Omega^{J})$ ,
where $sgn^{+}u=\{$
1, for $u>0$ ,
1/2, for $u–0$,
$0$ , for $u<0$ .
Proof. This follows from Kato’s inequality. For the detailed proof of Kato’s
inequality see [K].
Lemma 3-2. Assume that [H-l], [H-2] and [H-3]. $f\in L_{\mathrm{t}o}^{1}(c\Omega)$ and $B(x)\cdot Q(u)\in$
$L_{\mathrm{t}_{\mathit{0}}c}^{1}(\Omega)$ , and assume that
$Pu\leq f$ , in $D’(\Omega’)$ .
Then we have
$Pu\leq f$ , in $D’(\Omega)$ .
Lemma 3-3. Assum$e$ that $u\in L_{l_{oC}}^{\infty}(\Omega j)$ satisfies $Pu\in L_{l_{\mathit{0}}}^{1}C(\Omega’)\mathrm{j}n$ the distribu-
tion sense. Assume that $[H- l]-\mathrm{r}H- \mathit{4}l$ . Moreover we assume that for almost all
$x\in\{x\in\Omega;u(X)\geq 0\}$
$Pu+B(x)Q(u)\leq C(x)$ .
Then we have, for some positive numbers $C$ and $\epsilon_{0}$ ,
$u(x) \leq C[\Phi(X)^{\frac{1}{\delta_{\mathrm{O}}}}d(X)-\frac{2}{\delta_{\mathrm{O}}}+1]$ , for $x$ with $0<d(x)\leq\epsilon_{0}$ .
Lemma 3-4. Assume that [H-l] – [H-3]. Assume that $u\in L_{loc}^{\infty}(\Omega’)$ satisfies






4. Proof of Theorem 1.
$\mu=Q^{-1}(\sup_{x\in\Omega}\frac{C(x)}{B(x)})$ Lemma 3-3 ,
(3-1) $P(u-\mu)+B(.x).(Q(u)-Q.\cdot(.\mu))\leq 0$ , for $x\in\{u(x)\geq 0\}$
Lemma 3-1
(4-2) $P(u-\mu)++B(x)_{S}gn(+u-\mu)(Q(u)-Q(\mu))\leq 0.$, in $D’(\Omega’)$ .
Lemma 3-2
(4-3) $P(u-\mu)_{+}+B(x)sgn^{+}(u-\mu)(Q(u)-Q(\mu))\leq 0$, $\cdot$ in $D’(\Omega)$ .
$\{x:d(x)<1\}.\subset\Omega$ \mu $\geq\sup_{1/2<d(x)}<1u(x)$ ,
(4-4) $u(x)\leq\mu,$ . , for $d(x)<1/2$
$\phi=(u-\mu)_{+}$ if $d(x)<3/4$ , and $\phi=0$ otherwise,
$\phi_{j}=\min(\phi_{j},j)$ $(j=1,2, \ldots)$ $\phi_{j}\text{ }\phi_{j}^{m}\in D(\Omega)$
$(m=1,2, \ldots)$ $jarrow\infty$
(4-5)
$\phi_{j}arrow\phi=(u-\mu)_{+}$ in $\Omega$ (a e), $BQ(\phi_{j})arrow BQ(\phi)$ , in $L^{1}(\Omega)$
$marrow\infty$ $j$
$\phi_{j}^{m}arrow\phi_{j}$ in $\Omega \mathrm{a}.\mathrm{e}.$ , $BQ(\emptyset_{j}^{m})arrow BQ(\phi_{j})\mathrm{i}\mathrm{n}L^{1}(\Omega)$ .




$| \int_{\Omega}(\phi_{j}-\phi)\cdot P\psi_{d1}x\leq C|\int_{\sup \mathrm{p}\phi}Q(|\phi_{j}-\emptyset|)^{\frac{1}{\delta_{\mathrm{O}}+1}}\cdot\overline{A(X)}d_{X1}$
$\leq C(\int_{\sup p\psi}B(X)Q(|\phi_{j}-\phi|)dX)^{\frac{1}{\delta_{0}+1}}\cdot(\int_{\Omega}\overline{A(_{X})}\Phi(X)\frac{1}{\delta_{\mathrm{O}}}d_{X)^{\frac{\delta_{\mathrm{O}}}{\delta_{0}+\cdot 1}}}arrow 0$,
as $jarrow\infty$ ([H-2] with $n=1$).
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(4-7) $P\phi_{j}arrow P\phi$ in $D’(\Omega)$ .
$B\in L_{l\circ}^{1}(c\Omega)$ $\phi_{j}^{m}$ –
(4-8) $P\phi_{j}^{m}arrow P\phi_{j}$ in $D^{j}(\Omega)$ .
(4-9) $P\phi_{j}^{m}+B(x)sgn^{+}(u-\mu)(Q(u)-Q(\mu))\leq \mathrm{o}(1)$ , in $D’(\Omega)$ ,
$(j, marrow\infty)$ $\phi_{j}^{m}$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\phi,$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\phi_{j}^{m}\subset\{d(x)\leq 3/4\}$
,
(4-10) $0 \leq\int_{\{u>\mu\}\cap\{}d(x)<3/4\}(B(x)\cdot|Qu)-Q(\mu)|dX\leq o(1)$ $\mathrm{a}\mathrm{s}marrow+\infty$ .
$\lim\sup_{xarrow\partial F}(u-\mu)+=0$
5. Proof of Theorem 2.
Uniqueness.
(5-1) $T(\Omega)=L^{\infty}(\Omega)\cap H^{1}(\iota\circ C\overline{\Omega}\backslash F)$ .
$u$ and $v$
(5-2) $P(u-.v)+B(x)(Q(u)-Q(v))=0$, in $D’(\Omega)$ .
$f,$ $B\cdot Q(u)\in L^{1}(\Omega)$ , Lemmas 3-1, Lemma 3-4
(5-3) $\{$
$P(u-v)_{+}+B(x)sgn^{+}(u-v)(Q(u)-Q(v))\leq 0$ , in $D’(\Omega)$ ,
$P(v-u)-\vdash+B(x)sgn^{+}(v-u)(Q(v)-Q(u))\leq 0$ , in $D’(\Omega)$ .
Theorem 1 $(u-v)_{+}$ $Q(u)=Q(v)$ if $x\in\Omega\backslash F$
$Q$ $\mathrm{d}u=v$ in $IntF$ , $u\equiv v$ in \Omega
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$P_{\epsilon}u+B(x)Q(u)=f$ , in $\Omega$ ,
$u=0$ , on $\partial\Omega$ .
Lemma 5-1. Let $N>1$ . Assum$\mathrm{e}$ that the same assumptions as those in
Theorem 2 Then ihere is a unique $u_{\epsilon}\in H_{0}^{1}(\Omega)$ which satisfies (5-5) in the
distribution sense. Moreover $u_{\epsilon}$ satisfies
(5-6) $BQ(u_{\epsilon}),$ $BQ(u_{\epsilon})u\in\in L^{1}(\Omega)$ .
Proof.
Remark. (1) $K\subset\overline{\Omega}\backslash \Gamma$’ , $u_{\epsilon}\in H^{1}(K)$ $BQ(u_{\epsilon})u_{\epsilon}\in$
$L^{1}(\Omega)$ $\epsilon>0$ –
(2) $f\in L^{1}(\Omega)$ ,
[BS, Theorem 12 and its corollary] $\circ$
End of the proof of Theorem 3. $u_{\epsilon}$ (4-5) o Lemma 5-1
remarks $u_{6}\in H_{0}^{1}(\Omega)$ $BQ(u_{\epsilon})u_{\mathrm{g}}\in H_{0}^{1}(\Omega)$ $u_{\epsilon}$
$\epsilon>0$ –
(4-8) $a= \frac{2+\delta_{0}}{1+\delta_{0}}$ and $b=2+\delta_{0}$ .





$.\text{ _{ }}$. #\mbox{\boldmath $\sigma$} $u_{\epsilon}$ \tau . $\Omega$ ,
{5-10) $\int_{\Omega}(\epsilon+A)|\nabla u\in|^{2}d_{X}+(1-Cb^{-1b}h)\int_{\Omega}B|u_{\mathrm{g}}||Q(u\epsilon)|dX$
$\leq Ca^{-1-a}hI\Omega X(\frac{|f|}{B})^{a}bd$ .
$h^{b}=b(2c)^{-1}$ ,
apriori estimate compactness , $\{u_{\epsilon_{j}}\}_{j=}^{\infty}1$ $\{u_{\mathrm{g}}\}_{\epsilon}>0$
-u $\in H_{\iota^{1}\circ c}(\overline{\Omega}\backslash F)$ $Bu_{\epsilon_{j}}Q(u_{\epsilon_{j}})$
$B\overline{u}Q(\overline{u})$ $L_{l\circ c}^{1}(\overline{\Omega}\backslash F)$ ( ) $\overline{u}$
$\Omega\backslash F$
(5-11) $u(x)=\{$
$\overline{u}(x)$ , if $x\in\Omega\backslash F$,
$Q^{-1}(f(x)/B(x))$ , if $x\in F\backslash \partial F$,
$u$ $\Omega\backslash \partial F$
Theorem 1 $u$ \Omega Corollary 1
$v\in L_{\mathrm{t}_{\mathit{0}}c}^{\infty}(\Omega)$ $v=u$ in $\Omega\backslash \partial F$
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